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Abstract. For a given domain D in the extended complex plane C with an accessi- 
ble boundary point z € dD and for a subset E c D, relatively closed w.r.t. D , we 
define the relative capacity relcap E as a coefficient in the asymptotic expansion of the 
(N| Ahlfors-Bcurling conformal invariant r(D\ E, z)/r(D, z) when z approaches the point 

^ zq . Here r(G, z) denotes the inner radius at z of the connected component of the set G 

containing the point z . The asymptotic behavior of this quotient is established. Further, 
it is shown that in the case when the domain D is the upper half plane and z = oo 
the capacity relcap E coincides with the well-known half-plane capacity heap E . Some 
properties of the relative capacity are proven, including the behavior of this capacity 
under various forms of symmetrization and under some other geometric transformations. 

>Some applications to bounded holomorphic functions of the unit disk are given. 
Keywords Conformal invariant, inner radius, holomorphic function, Schwarzian deriva- 
tive. 
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B 

1. Introduction 

m _ 

Let D\ and D 2 be domains having Green functions in the extended complex plane C, 
and let the point z G D\ C D 2 . We denote by r(Df.,z) the inner radius of the domain 
(SI Dk, k = 1, 2, at the point z (see e.g. [H]. |D1] )- The quotient r(Di, z)/r(D 2 , z) is conformal 

invariant in the sense that for every conformal map / of D 2 we have the equality 

rjD^z) _ rjfjDjJjz)) 
^ r(D 2 ,z) r(f(D 2 ),f(z))- 

The study of this kind of invariant expressions goes back to the works of Ahlfors and Beur- 
^ ling [7[J p. 436]. Some significant applications to geometric theory of functions are given in 

( [A l IABI lOl IPom] ) . In this paper we study the behavior of the invariant r(Di, z)/r(_D 2 , z) 
when the point z tends to a given common boundary point of the domains D% and D 2 . 
More precisely, we investigate the following situation. Let D be a domain in C, and let zq 
be an accessible boundary point of the domain D . Suppose that in a neighborhood of the 
point z the boundary dD is represented by an analytic arc 7 (in the case z = 00 it is 
required that the image of the arc 7 under the mapping z 1— > 1/z be analytic.) Consider 
an arbitrary set E C D, relative closed with respect to D such that the inner distance 
p(E, zq) from the point z to the set E with respect to the domain D is positive. In 
the case of a finite point zq, the relative capacity relcap E of the set E is defined via the 
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following asymptotic expansion 

nP\E 2 z[ = 1 _ 2 i+ 2 z-*z , 

r{JJ, z) 

where the approach of z to the point z takes place along an arbitrary arc in D per- 
pendicular to 7 at the point z . Here r(G, z) denotes the inner radius of the connected 
component of the set G containing the point z . If the point zq = oo, then the parameter 
| z — zq I in the definition of the relative capacity relcap E is replaced by 1 1/z \ . We say that 
relcap E is the relative capacity of the set E with respect to the domain D at the point 



Zq . We shall establish the asymptotic expansion (1.1) in Section 2. It will also be shown 
that in the case when the domain D is the upper half plane H and the point zq = oo we 
have 

relcap E = heap E , 

where heap E is the half-plane capacity of the set E |L1] . In the case when the set H\E 
is a simply-connected domain, the equality of the relative and half-plane capacities was 
proven in |D2j . with essential use of conformal mapping (cf. |D2l formula (3)]). We recall 
further that the notion of half-plane capacity arises naturally in statistical physics when 
examining the Schramm-Lowner equations (see G. Lawler |LltlL2llL3] ). There are several 
definitions of this capacity in the literature. For example, let G — H \ E and 

(f) G (z) = IiRZ-E z [Im(B TG )] 

where B t is a standard Brownian motion and tq = inf{t : B t ^ G} , and E z is the 
mathematical expectation. Then 0g is a positive harmonic function on G that vanishes 
at the regular points of the boundary dG and such that 

4>g( z ) — hnz + , z — » oo . 

The half-plane capacity (at infinity) of E is defined by 



(1.2) <j) G {z) = lm(z + —^—) + o(\z\~ x ) , z -> oo . 

(see |L2l Lecture 2]). Some new geometric properties of the half-plane capacity were 
proved in the recent paper |D2j . Following this paper we shall examine the properties 
of the relative capacity relcap E under various geometric transformations of the set E in 
the case when the domain D is the disk and the point zq — 1 (Section 3). Our results do 
not reduce to the corresponding statements of |D2j in the particular case D = H, z = 
oo , because the symmetrization procedures applied here are not invariant under Mobius 
transformations. Finally, in Section 4 there are given some applications of the introduced 
capacity to holomorphic functions. The results obtained here turn out to be effective in 
the study of a boundary version of the Schwarz lemma involving the Schwarzian derivative 
(see, e.g. [Sl lTVllD3] ). After the completion of the writing of this paper, we learned about 
a very recent paper of S. Rohde and C. Wong, also studying half-plane capacity |RW] . 



2. Existence and properties of relative capacity 
Following the proof of Lemma 1 in the paper [D2J we first establish the existence of the 



asymptotic expansion (1.1). 



Theorem 2.1. Let D be a domain in the extended complex plane C, and let z be a finite 
accessible boundary point of the domain D . Suppose that in some neighborhood of zq the 
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boundary dD is represented by an analytic arc 7 . Then for every set E relatively closed 
with respect to D and with p(E, z ) > , the following expansion holds 

t(D \E,z) , l9 ., i9n 

2.2 v ,J. ' = l-cz-z 2 + o (z-z 2 , z^z Q , 

r{D, z) 

where the convergence of z to the point Zq takes place along a path, perpendicular to the 
arc 7 at z and where c > is a constant, depending only on the set E , the domain D , 
and on the point zq . 

Proof. We consider the function / mapping D conformally and univalently onto a domain 
f{D) lying in the upper half plane H . Extending / to the arc 7 in the sense of the 
boundary correspondence we may assume that /(7) is a finite interval of the real axis 
and that f(z ) = 0, \f'(zo)\ = 1. Let g(w, Q be the Green function of the connected 
component of the symmetric set 

G = {w : w G /( T ) U f(D) \ f(E) or w G f(D) \ f(E)} , 

that contains the origin and let h{w, () = log \w — £| + g(w, () be the regular part of this 
function. By the symmetry of G , we have 



g f ( D )\f(E)(w, f{z)) = g(w, f(z)) - g(w, f(z)) . 
Adding log \w — f(z)\ to both sides and letting w —> f(z) , this relation gives 



logr(/(D) \ f(E) } f(z)) = logr(G, /(«)) - g(f(z), f(z)) 



and hence 



r{f{D) \ f(E), f(z)) = r(G, f(z)) ex V {-g(f(z), f(z))} 
{r(G, f(z)) r(G, J{z)) exp{-2g(f(z),J(zj)}} 1/2 = 



1 r 



(2.3) exp{- [h(f(z), f(z)) + h(f(z), f(z)) - 2h(f(z), f(z)) + 2 log \f(z) - /(z)|j } . 

We consider the function h(w,Q as a function of four real arguments h(u,v,^,rj) and 
introduce the notation f(z) = Au + iAv . It is clear that when z — > zo along an arc 
perpendicular to 7 , we have Av — > and An = o( Av ) , Av — > . The symmetric difference 



enclosed within the square brackets in (2.3) has the following form in the new notation 



(2.4) h(Au, Av, Au, Av) + h(Au, -Av, Au, -Av) - 2h(Au, Av, Au, -Av) . 
In view of the symmetry of the set G with respect to the real axis we see that 

h(u,v,£,r}) = h(u, -v,£,-ri) . 
Therefore at the point (0, 0, 0, 0) 

dh dh 
dv dr) 

Applying this fact and applying Taylor's formula in a neighborhood of the point (0, 0, 0, 0) 
we have 

~d 2 h 



r , . » » . , . . dh . dh . 1 

h(Au, Av, Au, Av) - h(0, 0, 0, 0) = — Au + — Au + - 

ou a£ 2 



du 2 



;(AuY+ 



d 2 h /A , 9 d 2 h /A .9 d 2 h /A , 9 / dh 2 d 2 h ,. . r 
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d 2 h d 2 h d 2 h d 2 h 

-AuAv + — — AuAv + — — (Av) 2 + — — AuAv 

dvdrj d^drj 



dudrj 



dud£ 



J + o((Av) 2 ), Av^O 



dh dh I 

h(Au, -Av, Au, -Av) - h(0, 0, 0, 0) = —Am + — Am + - 

du a£ 2 

d 2 h 



d 2 h d 2 h d 2 h 



d 2 h a a d 2 h A A 
-AuAv - ——AuAv + 



dudrj 



dud^ 



drf 

d 2 h 

dvdrj 



d 2 h 

du 2 
d 2 h 



(Au) 2 + 



dudv 



AuAv + ^-^-(A 



u 



(Av) 



d 2 h 
d^drj 



AuAv 



dud(, 

+ o{{Av) 2 ), Av^O 



dh dh 1 
h(Au, Av, Au, -Av) - h(0, 0, 0, 0) = — Am + —Au + - 

du a£ 2 



d 2 h 
du 2 



(Au) 2 + 



dv 1 



d 2 h d 2 h f dh 2 d 2 h d 2 h 



d 2 h 



AuAv - 



dr] 
d 2 h 



AuAv+ 



(Av) 



d 2 h 
d^drj 



AuAv 



+ o((Av) 2 ), Av^O. 



dudl; dvdr) ^ ■ , , A 

Taking into account the expression in (2.4) and substituting into (2.3) we arrive at the 
identity 



r 



Here the constant 



(f(D) \ f(E), f(z)) = \2Av\ exp{2 ^(Av) 2 + o((Av) 2 )} = 
2Av + ci(Af) 3 + o((Av) 

d 2 h 



Ar - > 0. 



d=4 



dvdrj 



does not depend on the choice of the arc 7 because the left hand side is independent of 
this arc. 

Repeating the preceding argument and replacing f(D) \ f(E) with f(D) we arrive at 
a similar relation 

r(f(D), f(z)) = 2Av + c 2 (Av) 2 + o((Av) 3 ), Av -> . 

Therefore 

1 - c\z - z \ 2 + o(\z - z \ 2 ) , Z^-Zq. 



Because the expression on the left hand side does not depend on the choice of the function 
/ and does not exceed 1 , we see that the constant c := — |(ci — c 2 ) > is independent of 
/ . The theorem is proved. □ 

The asymptotic expansion in the case zq = oo is contained in what was proved above 
with the change of variable z — zq h- \ jz . Note that we did not only prove the existence 



of the expansion (1.1), but also established a representation of the relative capacity in 



terms of the Green functions of the domains in question. 
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Remark 2.5. From the above proof it is clear that the requirement of the analyticity of 
the arc 7 can be weakened. It is enough to require that the arc 7 have a tangent at the 
point zq and the function f has an extension the arc 7 and the following expansion holds 

f(z) - f(z ) = a{z - z ) + o((z - zq)), zEDU'j, z ->■ z , 

where a is some constant. 

Next we prove that in the case D = H and z = 00 the relative capacity and the 
half-plane capacity coincide. 

Theorem 2.6. The capacity relcap E of a bounded set, relatively closed in the half-plane 
H , at the point zq = 00 is equal to the half plane capacity heap E . 



Proof. The expansions (1.1 ) and (1.2) take the following form after the change of variable 

C = -iA 



(2.7) 



r(G, irj) 
2r] 



1-2 (relcap E) rf + o(rf) , 77 ->■ 



(2.8) 0(C) = M-l/O = -Iml/C-Im (heap E)( + o(() , (^0, 

where G = {( : — 1/£ G G}, G = H\ E,( t = £ + ir]. Consider the harmonic function 

1" 



4>(C) + Im 



C 



CgG. 



At the regular boundary points of the boundary of the domain G we have 



u(0 = log 



C-irj 



C + ir] 



— 2r] Im- = log 



1 + izr] 



1 — izr/ 



+ 2 rj Im z 



log (1 + izrj)(l + izr] — z 77 + o(r] )) + 2r/lmz 



log \ l + 2i zr/ — 2 z rj + o(r] ) + 2 77 Im z 



log 1 — 2 yrj + 2 (y — x )rj + i[2xrj — Axyrj ] + o(rj )) + 2r\y 

X - log(l - Ayr] + %V + o(r^ 2 )) + 2-qy = o(rf), r] -> , 
= x + zy) . According to the maximum principle we have 

u(irj) = o(r] 2 ), 77 — >- . 
This relation together with ( |2.8 ) give 



log 



r(if, iry) 



+ 2 (heap £)rf = 0(77^ 



which in view of (2.7) gives 



relcap E = heap i? . 



The theorem is proved. 



□ 



We next record some immediate properties of the relative capacity that follow from 



the properties of the inner radius and the expansion (1.1) (cf. |Llj ). In what follows the 
domain D and the point zq are fixed. 
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Property 1. (Monotonicity) If Ei C E 2 , then 

relcap E\ < relcap E2 ■ 
Proof. The proof is a consequence of the monotonicity of the inner radius 

r(D\E h z)>r(D\E 2 ,z) 
which follows from the inclusion D \ E 2 C D \ E\ . □ 
Property 2. (Choquet's inequality) For all E\,E 2 , the inequality 

relcap E 1 + relcap E 2 > relcap (E\ U E 2 ) + relcap (E 1 PI E 2 ) . 

holds. 



Proof. The proof follows from an inequality of Renggli (see |RJ) and the formula ( 1.1 ). □ 

Let the domain D be symmetric with respect to the imaginary axis and let z$ be a 
point on this axis, z 6 dD . For a given set E C D we define the set 

PE = (EU E*) + Li (Ed E*)- , 

where A* denotes a set symmetric to A with respect to the imaginary axis, whereas 
A + (A~) is the intersection of A with the right (left) closed half plane. 

Property 3. (Polarization principle) The following inequality holds 

relcap E > relcap P E . 

Proof. Consider the set 

P C (D \ E) = {{D \E)U(D\ E)*Y U ((£> \E)n(D\ E)*) + . 
It is easy to see that 

P C (D\E) = D\PE. 
According to Corollary 1.2 of [DlJ 

r(P c (D\E),z) >r(D\E } z) 

for every point of the imaginary axis, contained in D \ E . It remains just to apply the 
formula (1.1). □ 

Property 4. (Composition principle) Under the hypotheses and notations introduced be- 
fore Property [3] we have the following inequality 

2 relcap E > relcap (E + U (E + )*) + relcap (E~ U (E~)*) . 
Proof. According to Theorem 1.9 of |D2] 

r 2 (D \E,z)< r(D \ (E + U (£ + )*), z)r(D \ (E~ U (E~)*), z) 

for the points of the imaginary axis. For both parts of the inequality for r 2 (D, z) we apply 
the formula (1.1), and arrive at the desired conclusion. □ 

Property 5. Given a relatively closed subset E of D , there exists a sequence of open sets 
{-Bnj^l-L such that E C B n , n = 1, 2, . . . , and 

lim relcap (B n n D) = relcap E . 

n— >oo 

Proof. The proof is essentially contained in the proof of a particular case (Lemma 3 of 
the paper |D2j ) noting the representation of the relative capacity in terms of the Green 



function (see the end of the proof of Theorem 2.1 ). □ 
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Property 6. Suppose that f maps a domain D onto a domain f(D) conformally and 
univalently such that a boundary point zq is mapped in the sense of boundary correspon- 
dence to a point wq G df(D) . We assume further that in a neighborhood of the point zq 
the boundary dD is an analytic arc and the boundary df(D) in a neighborhood of Wq is 
also an analytic arc. If, furthermore, zq = wq = oo and Hindoo f{z)jz = a, then 



It would be an interesting problem to study the behavior of the relative capacity under 
simultaneous geometric transformations of the domain D and the set E C D . However, 
this problem appears to be very difficult. Therefore we restrict ourselves here only to the 
case when the domain D is fixed. Furthermore, throughout this section, the domain D 
is the unit disk U = U z = {z : \z\ < 1} , the point Zq — 1, E is a relatively closed subset 
of U, with p(E, 1) > , and relcap E stands for the relative capacity of E with respect to 
the disk U at the point z — 1 . 

We recall the definition of the circular symmetrization of closed and open set with 
respect to a given ray (see |PS[ IH1 IDlj ). Given a real number a let y r (a) be the circle 
\z — a\ = r (for < r < oo), which degenerates to the point a (or oo) if r = (r = oo, 
resp.). By the circular symmetrization of a closed set F C C with respect to the ray 
[— oo,a] we mean the transformation of this set onto a symmetric set Ci~F which is 
defined as follows. If, for a given < r < oo , the 'circle' y r (a) does not meet the 
set F , then it has empty intersection with the set Cr~F as well. If 7 r (a) C F , then 
7 r (a) C Cr~F . In the remaining cases, the set Cr~F intersects 7 r (a) along a closed arc 
with center at the ray [— oo, a] , whose linear measure agrees with the measure of the 
intersection of F with j r (a) . It is readily verified that the set Cr~F is closed. In the 
same way we define the the result of the circular symmetrization Cr^F with respect to 
the ray [a, oo]. The only difference consists of the fact that the center of the closed arc is 
now contained on the ray [a, oo]. In the same way, we define the circular symmetrizations 
Cr^ , Cr~ of open sets, now taking an open arc in place of a closed arc. 

Theorem 3.1. The following inequalities hold 




The proof follows from the formula (1.1). 



3. The behavior of the relative capacity under geometric 



TRANSFORMATIONS OF SUBSETS IN THE DISK 



(3.2) 



relcap E > relcap [(Cr Q E) H U] 



(3.3) 



relcap E > relcap [(Cr~ (E U £)) \ S] , (a < 0) , 




relcap E > relcap [(Cr+{E U E)) \ S] , (o > 1) , 
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Proof. All the three inequalities can be proved in a unified way, applying formula (1.1) 
and Polya's result on the behavior of the inner radius of a domain under circular sym- 
metrization (see (HJ IDlj ). For instance, from Polya's theorem it follows that for every 
x, < x < 1 , 

r(U\E,x) <r(Cr+(U\E),x) = r(U \ [Cr~(£) n U], x) . 
It remains to apply the formula (1.1) with D = U . Analogously, for a < 

r(U \E,x)< r(Cv+(U \E),x) = r(U \ [Cr~(E US)\S],i). 
and for a > 1 we have 

r(U \E,x)< r(CT~(U \E),x) = r(U \ [Cr+(E US)\S],i). 
The theorem is proved. □ 

Figure 1 provides an illustration of a set E and Figures 2,3,4 illustrate its deformation 
under each of the transformations in the inequalities (3.2), (3.3), (3.4), respectively. 





Figure 3 Figure 4 

Circular symmetrization. 



The Steiner symmetrization of an open set B with respect to the real axis is defined by 

St B = {x + iy : B n \{x) ^ 0, 2\y\ < p(B n A (a:))} , 
where X(x) is the line Kez = x, and //(•) is the linear Lebesgue measure. 
Theorem 3.5. The following inequality holds 
(3.6) relcap E > relcap [U \St(U\ E)] . 
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Proof. In the same way as in the proof of Theorem 3.1, it is enough to apply a theorem 
of Polya and Szego [PSJ 

(3.7) r(U\E,x)<r(St(U\E),x) 
and to note the equality 

U\[U\St(U\ E)} =St(U\E). 
The proof is complete. □ 





Figure 5. Steiner symmetrization. Figure 6. Radial transformation. 



We consider the following radial Marcus transformation (see |M1] ). which transforms 
an open set B, zq G B onto the starlike set 

M Zo B = {z + re ie : < r < M(9, B) , < 9 < 2vr} , 



where 



M{9, B) = p exp ( I 

\jF{p,6 



dr 



B) 



F(p, 9, B) = {r : z + re id G B , p < r < oo} . 



Here M(9, B) is independent of p and {z : \z — Zq\ < p} C B . For open sets B , lying in 
the disk U and containing a "relative" neighborhood {z : \z — 1| < e} n U for some e > 
we define MB = M\B as above, but with a constraint on 9 : tc /2 < 9 < 37r /2 . 

Theorem 3.8. TTje following inequality holds 

(3.9) relcap £ > relcap [U \ M(U \ E)\ . 



Proof. Let {B n }^ =1 be a sequence from Property [5] for the given set E,D = U , and let 
E n = B n nU,n = 1,2, ... . According to a theorem of Marcus |Mlj for a fixed integer n 
and for values of x sufficiently close to 1 , < x < 1 , we have 

r(U \ E n , x) < r(M x (U \ E n ),x) = r{U \ [U \ M X (U \ E n )],x) . 

On the other hand, because of the openness of B n , one can take x so close to 1 that 

M x (U\E n )cM(U\E). 

Therefore 

r(U \[U\M X (U\ E n )],x) < r(U \ [U \ M(U \ E)},x) . 



It remains to apply formula (1.1) and Property 5 The proof is complete 



□ 
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Let A = {a k } k=1 be a family of positive numbers with Ylk=i a fc = 1 • We consider an 
averaging transformation (see jM2]) , which assigns the starlike set 

W£{B k } n k=l = {z + r e w : < r < I% =1 (M(9, B k )) ak 1 0<9<2n} 

to a family of open subsets B k , k — 1, n , containing a point z ; here M(9, B) is given 
above. By Theorem 2.2 of (MS] 

Tl n k= MBk,zo)) ak < r(R%{B k r k=1 ,z ) . 

For a family of open subsets of the disk containing the neighborhood {z : \z— 1| < e}n.D 
for some e > 0, the set 

R A{^fc}fc=l = Rl A{5 fc }fc =1 

is defined but under a constraint on # : n/2 < 9 < 37r/2 . Repeating the proof of preceding 
theorem replacing M x with and applying Marcus' theorem and Property |5j we arrive 
at the following result. 

Theorem 3.10. For every collection of sets {E k } k=1 and for every family A = {a k } k=1 
of positive numbers with Y^k=i a fc = 1 , the following inequality hold 

n, 

"fcrelcap E k > relcap [U \ R A {U \ E k } n k=1 ] . 

fc=i 

Applying Theorem 3.10| to the case when the collection of sets consists of two sets 
{E, {z : z G E}} and the family of numbers A = {|, ^} , we obtain the following theorem. 

Theorem 3.11. The following inequality holds 

relcap E > relcap RE , 

RE = {1 + r 10 : (M(6, U \ E)M(2ir - 9, U \ E)) 1/2 < r < -2 cos9, tt/2 < 9 < 3tt/2} . 



4. Applications to bounded holomorphic functions in the disk 

We denote by B the class of functions / holomorphic in the disk U z = {z : \z\ < 
1} > f{Uz) C U w with the asymptotic expansion 

f(z) = 1 + ai (z - 1) + a 2 (z - l) 2 + a 3 (z - l) 3 + Zo((z - l) 3 ) 

where a\ > 0, Re(2a2 + ai(l — ai)) = and Zo((^ — l) 3 ) is an infinitesimal quantity 
in comparison with (z — l) 3 as z — > 1 in any Stolz angle in U z with vertex at z = 1 . 
Everywhere in what follows in this section relcap E stands for the relative capacity of E 
with respect to the disk U at the point z — 1 . 

Theorem 4.1. For every function f of the class B and for every set E , closed with 
respect to the disk U w and lying in the complement U w \ f{U z ) at a positive distance from 
the point z = 1 , the following inequality for the Schwarzian derivative holds 

--ReSfCL) := -Re ( — - ^] > a?relcap E . 
6 \ai afj 

The equality holds for functions f of class B , mapping conformally and univalently the 
disk U z onto the domain U W \E . 
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Proof. In view of the monotonicity of the inner radius and the formula (1.1) we have for 
points x on the segment (0, 1) 

r(f(U z )J(x)) ^ r{U w \E,f(x)) 



< 



1 - 2(relcap E) \f(x) - 1| 2 + o(\f(x) - 1| 



r(U w J(x)) ~ r(U w J(x)) 
(4.2) l-2a 2 (relcap£)(l-x) 2 + o((x-l) 2 ), x ->• 1 . 



In the case f(U z ) = U w \ E, the equality holds in (4.2) . On the other hand, from the 
result of Hayman [H] it follows that 

u „x r(f(U z ),f(x)) \f'(x)\r(U z ,x) \f(x)\(l-x 2 ) 

{ ' ] r(U w J(x)) ~ r(U w J(x)) ^ 1 - \f(x)\ 2 ' 

where, furthermore, the sign of equality holds for univalent functions. We next find the 



asymptotic behavior of the right hand side of (4.3) 

\f'(x)\ (1-x 2 ) 



i-\m\ 2 

|ai - 2a 2 (l -x) + 3a 3 (l - x) 2 + o((l - x) 3 )|(l - x)(2 - (1 - x)) 
1 - (1 - ai(l - x) + Rea 2 (l - x) 2 - Rea 3 (l - xf + o((l - xf)) 2 + o((l - x) 3 ) 

|2ai + (1 - x)(-4a 2 - + (1 - x) 2 (6a 3 + 2a 2 ) + o((l - x) 2 )| _ 
2ai + (1 - x)(-a| - 2Rea 2 ) + (1 - x) 2 (2Rea 3 + 2a x Rea 2 ) + o((l - x) 2 ) 

3a 3 a 2 Rea 3 



l + (l-x)(-U + V) + (l~xY — + — - 

ai ai ai 

where [7=2^ + 1^ = ^ + . Next, writing 

ai 2 ' 2 ai ' ° 



- Rea 2 -UV + V 



+ o((l-xY) 



_ 3a 3 a 2 Rea 3 2a 2 Rea 2 a\ Rea 2 a 2 (Rea 2 ) s 
Y = 1 a 2 1 — - — |- 



GL\ GL\ CL\ 



4 2a x 4 



we have 



W 



1 + (1 -x) 



-Rea 2 + a? — ai 2Ima 2 
1 



2ai 



a i 



Y(l -x) 2 + o((l -x) 



1 + (1 - x) 2 ReF + o((l - x) 2 )] 2 + (1 - x 



,4(Ima 2 



l + (l-x) : 



/2Rea 3 2(Rea 2 ) 2 2(Ima 2 ) 



+ 



+ o((l-x) 2 ) 



+ o((l -x) 



1/2 



a 3 a 2 



+ ^ (l-x) 2 + o((l-x) 2 ), x->l. 
ai af 



= 1 - 2Re 

Substituting this resulting asymptotic expansion in ( 4.3[ ) and adding (4.3) and (4.2) we 
arrive at the required inequality. The theorem is proved. □ 
Remark 4.4. It can be proved that the condition 

Re(2o 2 + a 1 (l-ai)) = 
is essential for Theorem 4.1 (cf. |D3l p. 651]). 
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Remark 4.5. It is well-known that functions of class B satisfy lmSf(l) = (see [5] ITVj ) . 
Therefore in the inequality of Theorem 44 and in the following applications, the real part 
of the Schwarzian could be replaced with S/(l) . 



Some applications of Theorem |4.1| to the proof of geometric properties of holomorphic 
functions are given, for instance, in the following statements (cf. [SI ITVl ILLNl ID3] ). 

Theorem 4.6. Let the function f be of class B , and let the angular Lebesgue measure of 
the intersection of the image of the unit disk f(U z ) with every circle \w\ = r, < r < 1 , 
be smaller than or equal to a, < a < 2ir . Then 

5/(1) . Svr 2 



Re- 



< 



, a 



- 1 



L 7T 



(f(l)) 2 " 2a 2 
The case of equality holds for the function 

, z-l + V2z 2 + 2 ' 

fa{z) 



a/ir 



which maps the unit disk U z conformally and univalently onto the sector B(a) = {z : 
\z\ < 1 , |arg^| < a/2} . 



Proof. By Theorems 4.1 and 3.1 (inequality ( |3.2 )) we have 



(4.7) - ^Re .f/.^ > relcap E > relcap [(Crj£) n U w ] 

6 (f'(i)Y 

for every set E relatively closed with respect to U w , lying in U w \ f(U z ) and having a 
positive distance from the point z — 1 . Set E = U w \f{U z ) . If the distance from U w \f{U z ) 
to the point z = 1 is zero, then we set 

E = (U w \f(U z ))\{z:\z-l\<e}, 

for a sufficiently small e > . If /3 is a number with < a < (3 < 2tt , then by the 
hypothesis of the theorem, we can choose e such that the set Cr~E contains U w \ B(f3) . 



From the monotonicity of the capacity and again by Theorem 4.1 we obtain 



relcap [(Cr^E) n U w ] > relcap [U w \ B(/3)} = -^7^^ ■ 

The proof now follows by comparing the two obtained inequalities, computing the deriv- 
ative of the function fp and letting /? — > a . □ 

Theorem 4.8. If a univalent function f of the class B does not take in the disk U z a 



value w G U w , then it satisfies the inequality (4.9), 
(4 9) Re^>^<- 3 ^ 

[ } V(i)) 2 - Hl + P 

where p = \w \ . Here equality holds, for instance, for the function of Pick, w = f(z;p) 
given by the equation 

Apz w 
(l + p) 2 (l-^) 2 = (1 -w) 2 ' 
This function maps the unit disk U z conformally and univalently onto the unit disk U w 
with the segment [— 1,— p] removed. 
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Proof. The function g(z) = f(f(z); f3) is in the class B for a fixed f3, < /3 < 1 . Therefore 
it satisfies the inequality (4.7) from the proof of the previous theorem with / replaced 
with g . For values of (3 close to one, the image of the disk U z under g does not contain 
any of the circles {w : \w\ = r},p(/3) < r < 1 , where lim^i p{j5) = p. Choosing e from 
the previous proof to be smaller than 1 — /3 , we conclude that the set Cr~E contains the 
segment [—1, —p(/3)] . From the monotonicity of the capacity and Theorem 4.1 we obtain 



relcap [(Gi~E) H U w ] > relcap (-1, -p(p)] 



'-Re^L 
6 (h'(l)) 2 ' 



where h(z) = f(z; p(/3)) . Comparison with (4.7) (/ = g) gives 



Re-^^ 1 ^ 



< Re 



^(1) 



Letting /3 — > 1 and computing the derivative of the function f(z; p) we arrive at the stated 
inequality. The proof is complete. □ 

Theorem 4.10. Let the function f be of class B and suppose that the linear Lebesgue 
measure of the intersection of the image f(U z ) with the imaginary axis be at most 2t, < 
t < 1 . Then the following inequality holds 



Re 



5/(1) 



< 



(/'(I)) 2 

The equality holds, for instance, for the function 

2t z 



l+t 2 l 



1 



1-t 2 
1 + t 2 

ft(z) , 
w 

w 2 



given by the equation 



this function maps the unit disk U z conformally and univalently onto the disk U w with the 
segments [±it, ±i] removed. 



Proof. According to Theorems |4.1 and 3.5 we have 

> relcap E > relcap [U \St(U\ E)\ 



iRe^W 
6 (/'(I)) 2 



for every set E relatively closed with respect to U w lying in the set U w \ f(U z ) and having 
a positive distance to the point z — 1 . We replace the set E with the intersection of 
U w \ f(U z ) with the imaginary axis. Then from the monotonicity of the capacity and 
again by Theorem 4.1 it follows that 



relcap [U \ St(U \ E)] > relcap [U w \ f t (U z )] = --Re-Aj 



It only remains to compute the derivative on the right hand side which is an easy exercise. 
The theorem is proved. □ 
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